Current methods for measuring magnetic flux are based on performing many measurements over a large ensemble of electrons. We propose a novel method for measuring the flux modulo hc e using only a single electron. Furthermore, we show, for the first time, how to understand this result on geometric grounds when utilizing only the quantization of angular momentum. A transformation to a rotating frame of reference reveals the nonlocal effect of magnetic flux on the electron, without the need of solving the Schrödinger equation. This provides a new intuition for understanding the Aharonov-Bohm (AB) effect.
Introduction
As a result of the AB effect [1] , an electron circling magnetic flux should exhibit a phase shift introduced by the magnetic vector potential. Such an effect is inconceivable in classical physics and directly demonstrates the gauge freedom of electromagnetism [2] and the nonlocality in quantum mechanics [3] . Therefore, this effect is considered one of the most profound and far-reaching results in quantum mechanics.
The first experimental demonstration of the AB effect [4] , verified a shift in the interference fringes of an electronic beam produced by an electronic "biprism". A few years later, a measurement of the maximum supercurrent flowing through two Josephson junctions, connected in parallel by superconducting links, showed a modulation due to an enclosed flux [5] . In addition, for measuring the flux enclosed by a ring, it was suggested to measure the resistivity of the current flowing through the two sides of the ring [6, 7] and to observe the change of the interference pattern due to the different phase shifts along the two arms [2] . In a metallic ring, small enough so that the electron states are not randomized by inelastic scattering during the traversal of the arm of the ring, an interference pattern should be present in the magnetoresistance of the device. Electrons traveling along one arm will acquire a phase change δ 1 , and electrons in the other arm will, in general, exhibit a different phase change δ 2 . Changing the magnetic flux encircled by the ring will tune the phase change along one arm of the ring by a well defined amount δ B = e A · dl and by −δ B along the other arm. The phase tuning would appear as cycles of destructive and constructive interference of the wave packets, the period of the cycle being h/e [7] . A recent experiment made use of electrons trapped in a quantum dot, where interference changed the conductance of a nearby charge detector [8] . Many other contemporary experiments demonstrating the AB effect [9, 10, 11, 12] are all based on measuring a large ensemble of particles. In what follows we suggest a novel method for measuring the flux modulo hc e by performing a position measurement of a single electron. We then outline the geometric origin of this effect which we believe sheds new light on the AB effect.
The paper is organized as follows. Sec. 1 presents our method for flux measurement using a single position measurement. Sec. 2 describes a seemingly paradoxical result when discussing the method in the Heisenberg representation. Sec. 3 examines the above problem of flux measurement using a scattering experiment of an electron off a long chain of solenoids.
Sec. 4 uses again the Heisenberg representation to discuss the geometric meaning of the flux and Sec. 5 concludes the paper.
The Method
Consider an electron free to move inside a ring of radius R. We assume that the ring has negligible width, hence neglecting energy changes due to radial contributions. The wavefunction of the electron can be decomposed into a superposition of the eigenstates of the quantized angular momentum along a perpendicular direction
with eigenvalues
These angular momentum eigenstates are also energy eigenstates of the free Hamiltonian
The time evolution introduces different phases between the eigenstates, but after
the time evolution of the n th eigenvector is
Therefore, all phases are the same and thus the wave function returns to its original state. If we start with a well localized electron around ϕ = 0, it immediately spreads out everywhere, but after time T the electron returns to the place it started from.
It is of interest to consider the state of the electron after time t = T 2 = 2πmR 2 . For even n we obtain |n → |n , while for odd n we have |n → −|n . This is exactly what happens if we rotate the state by π, i.e. ϕ → ϕ + π. Hence, at time T /2 the electron should be found at ϕ = π. Using the same reasoning, it can be shown that after time t = T /3 the particle is in a superposition of being localized around ϕ = 0, ϕ = 2π/3 and ϕ = 4π/3. After time t = T /4 it is in a superposition of being localized around ϕ = 0 and ϕ = π and so on for every T /k, when the superposition at odd k instances is "richer" than the superposition at even k instances). The dynamics hence describes a well localized wave packet at t = 0 which immediately spreads over the whole ring and acquires specific positions at certain times, until coming back to its starting point at: t = T .
Let us consider now the AB setup in which there is a flux Φ inside the ring, see Fig. 1 . We can use the Coulomb gauge such that the Hamiltonian is
Now, it can be easily verified that after time T = 4πmR 2 , apart from the overall phase, every eigenstate |n will be multiplied by e inφ AB , when φ AB = e c Φ is the well known Aharonov-Bohm phase [1] . This is equivalent to the application of the shift operator e ipϕφ AB , and therefore, after time T , the electron will be localized at angle ϕ = φ AB from which the flux modulo hc e can be found. This, of course, stands in contrast with the usual methods of measuring flux which requires measurements over a large ensemble, and may enable to test the AB effect in a completely new manner. To better understand this surprising experiment, we will discuss it in the next two sections, from two other perspectives.
A Paradox in the Heisenberg Representation?
The Heisenberg representation excels in demonstrating the nonlocality of quantum mechanics [3] . Therefore, it will be interesting to analyze our suggested method within this picture. We can write operator equations for the time dependent angular velocity andφ and anglê
Taking into account the quantization of p φ we apparently get for t = T /2 e iϕ(T /2) = e 
This tells us that already after time t = T /2 the electron is localized around the angle φ AB and not after time T as we have shown in our calculations in the Schrödinger picture (Eq. 6). Moreover, we have seen above that after time T /2 it should be in a different place! This apparent paradox is an example of time evolution in the Heisenberg representation when (f (A))(t) = f (Â(t)). The operatorφ is not an observable. In fact, what we measure is ϕ mod 2π which can be characterized by e iϕ . When calculating the time evolution of e iφ we see that only for t = T (and its integer multiples) the electron is localized at φ AB = e c Φ:
But, 
Flux Measurement Experiment with a Lattice of Solenoids
In what follows we discuss a related problem of flux measurement using a single electron.
This time however, the geometry of the system will be changed and as a consequence a large number of solenoids will be needed. The following analysis will highlight the uniqueness of the above method and allow us to better understand the role of angular momentum quantization towards the next section.
Let an electron with a well defined momentum: p x = h/λ along the x-axis, and p y = 0 along the y-axis diffract through an infinite heavy grating which consists of narrow slits spaced a distance L > λ apart. The electron is known to scatter into discrete directions defined by angles θ n [13] :
where n is some integer. We now replace the grating with an infinite (that is, long in comparison to the spread of the electron's wave packet along the y-axis) chain of identical solenoids.
Let the solenoids be separated again by a distance L > λ (see Fig. 2 . The electron exchanges modular momentum with the solenoids [14, 15] and the scattering angles thus become [13] :
If we further assume that ( eΦ 2π c )λ > L the only possible angle for scattering would be θ 0 and the electron can only have one possible value for its momentum along the y-axis:
Hence, by performing after the grating a single measurement of the electron's momentum along the y-axis we can find the magnetic flux of each solenoid modulo hc e . However, this method is rather complex and requires a large number of solenoids in comparison to the method in Sec. 2, where the long chain of solenoids was replaced by the large n momenta of Eq. 2. 
The Geometric Meaning of Magnetic Flux
The action of the flux on the electron can be understood in a purely geometric sense: returning to the case of electron performing a circular motion without the flux at the center, we can observe it from a rotating frame of reference with an angular velocity −φ. From the perspective of the rotating observer, at time t = T the electron would have an angular translation similar to that it acquired when it encircled the flux. It will reach the same final position as if the flux had affected it, though now this is only a result of the system's geometry. Indeed, a translation in angle ϕ = ωt around the z-axis can be described by |Ψ = U (t)|Ψ , where U (t) = e iLzωt/ . Now,
Hence,
This Hamiltonian in the rotational frame of reference gives rise to the Coriolis and centrifugal forces (the first and second terms respectively in the right hand side of Eq. 16.) This is an example of the analogy between magnetic phenomena and rotating frames of reference [16] .
It follows directly from the equivalent role of p φ and A φ in the Hamiltonian. Moreover, the potential in the rotational frame of references can become forceless. For a given ratio of e/m, applying a radial electric field and a uniform magnetic field only within the ring, the centrifugal and Coriolis forces can be cancelled respectively in the narrow ring to which the electron is confined [16] . Therefore in the rotating coordinate system, an effective flux seems to exist in the inner and outer parts of the ring, but not on the ring itself (see Fig. 3 .) This geometric effect, based only on the quantization of angular momentum, gives rise to a nonlocal shift in the electron's angular position. When seeing this shift in the rotating frame of reference, we are immediately forced to relate it with a magnetic flux in the non-rotating frame of reference, even without solving the Schrödinger equation. 
Conclusions
Magnetic flux measurements are based on measuring large ensembles. A novel method for measuring flux using a single electron was presented. The proposed method utilizes the fact that even a localized electron returns after a known time to its starting point due to the special form of its angular momentum spectrum. Using a single position measurement, any deviation from the starting point enables to find the flux modulo hc e . We then suggested to understand the flux on a geometrical basis when examining the rotating frame of reference, thus connecting the well-known AB nonlocality with the geometric role of the vector potential in the Hamiltonian. These results might change the way to interpret the AB effect, as well as the methods used to demonstrate it.
